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Abstract-One of the most strikingfeatures about the perceptual machineryof mammaIs is its regularity of
structure.This is particularlyevidentin themammalianvisualsystem, as the workpwneeredby Hubeland Wiesel
hasakmortstrated.Thelike[ysourceof this regtdarityis the visualstimulus,whichdoesnot changerandomlyfrom
instantto instant,but is affectedprimarilyby motionsof both the animaland objects in the environment.These
motionsinducestructuredchangesin the visualstimulus,whichmightwellbe expectedto havea significanteffectin
shapingthe structureof the visualmachinery,whetherthroughindividualplasticity or longer-termgeneticchanges.

Theworkreportedin thispaper is an thvestigationof thestructuresthat may evolveina sirnp!eartl~cia[neural
networkdrivennot by ranabmchangesof inputpattern,but directlyby transformationswhichare themselvesrelated
to transformationsof the inputsignal throughan analysisof motion-pre~”ctionerror.Resultsarepresentedwhich
&morrstratethatsuchnetworkscanevolvea remarkable&gree of regularitywhichre~ectstheunakrlyingsymmetry
group of the tratuformations,both in one and two dimensions.An appropriateand visuallyplausible choiceof
transformationgroupcanleadto theakveloprnentoffovealstructuresin two-dimensionalnetworks.Weakopresent
somepreliminaryresultsonparantetrisedfmctionspaceswhichsupportthegeneralconclusionthatglobalstructure
bearinga considerableresemblanceto thatfoundin themammalianvisualsystemcanevolveas theresultof a simple
learningrule in networksdrivenby transformationssimilarto thosetypically encounteredin vrkion.

Keywor&+Transforrnationsin vision, Self-similarity,
Signalprediction.

1. INTRODUCTION: LEARNING SYMMETRIES

The recognitionthatsymmetryis animportantissue
in themodellingof perceptionis not a newone-it
dates back at least to the work of Pitts and
McCulloch(1947)on thecat.Thestudyof geometric
invariantsalso playeda significantpartin Minsky
andPapert’sdemonstrationof theweaknessesof the
single-layerperception(Minsky& Papert,1969).Its
importancein perceptualpsychologyhasalso been
arguedby manyauthors,notablyShepard(1981).
Perhapsitsmostobviousbiologicalexpressionisthe
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Visualrepresentation,Retinal and foveal development,

regularityof theneuralmachineryfoundatalllevels
of thevisualsystemwhichhavebeensystematically
investigatedhitherto,fromthearrayof photorecep-
torsin theretinato thehypercolumnar organisation
of thestriatecortex,firstuncoveredby Hubelandhis
co-workers(Hubel & Wiesel,1962;Hubel, 1988).
Therehavebeenattemptsto linkthesephysiological
findingswiththe requirementsof invariantpattern
recognition,but thesecarthardlybe describedas
conclusive(Cavanagh,1978;Schwartz,1980).Work
on neuralnetworksfor invariantPR such as the
neocognitron(Fukushirnaet al., 1983), or those
basedon momentsor similartechniques,maywell
providepracticablesolutionsto theproblem,butthey
aregenerallybasedon computationalmethodswhich
directly exploit the underlyingsymmetry(e.g.,
translationinvariance)rather than acquiringit
throughlearning.Previouswork with directrele-
vanceto themodellingof biologicalvisionhastended
to concentrateon
ment of artificial

the microstructure: the develop-
neuronshaving receptivefield
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profiles(rfp’s) similarto thosefound in biological
systems(Barrow,1987;Kammen& Yuille, 1988;
Linsker,1988).Importantthoughsuchstudiesare,
theydo not addressthequestionof microstructure:
whyis thevisualsystemso regularin its structure?
There are at least two plausibleanswersto the
question:

1. Itmaybethattheonlyefficientwayto organisea
massive parallel computation,such as that
confrontingthevisualsystem(particularlyat low
levels)iswitha reguiarstructure.

2. It maybe thatthestructurehasevolvedin direct
responseto thestructureof thevisualstimulus.

Ofcourse,thetwoarenotmutuallyexclusive-ifit
weretoo “expensive”for the systemto follow the
dictatesof thestimulus,thenno doubtitwouldadopt
a cheapercompromisesolution.It seemsmore
effectiveto startby testingtheassumptionthatthe
secondassertionis true,by exploringartificialneural
systemsdrivenby appropriatelystructuredinputs.
Thisis the approachadoptedin thepresentwork.
Thestructuringof theinputisentirelydueto theuse
of transformationscorrespondingtomotions,suchas
rotation, dilation and translation.The simplest
exampleof a networkdrivenby transformationsis
a form of Kohonennet (Kohonen,1984),in which
eachneuroncorrespondsto apointxi ● ~m,andthe
inputstimulusis derivedby applyinga randomly
chosenco-ordinatetransformationto the network
itself,givinga newsetof points{yi} = {Txi}. The
learningrule is designedto make the randomly
transformednetwork{yi} as similaras possibleon
averageto theoriginalnetwork{xi}; hencethetitle
self-similar neural network. We havefoundthatthese
simplenetworksare capableof acquiringa highly
symmetricstructure,which reflectsthe group of
symmetriesfrom which the transformationsare
selected.We havealsoappliedtheideato networks
whoseunitscorrespondto parametrisedGaussian
functionsof randomlyselectedinitialpositionsand
scales;asimplemodificationof thelearningruleleads
to a se&nilar function network, whichalso self-
organisesinresponseto randomlychosenco-ordinate
transformations.Somepreliminaryresultsare pre-
sentedon thesenetworks.Thestrikingfeatureabout
thesenetworksis that it is possibleundersome
plausibleassumptionsaboutthenatureof thetrans-
formationsactinginvisionto evolvesyntheticarrays
whichbeara considerableresemblanceto theretinal
structurefoundinanimals.Whilenotconclusive,this
demonstratesthat it may indeedbe possiblefor
global visual structuresto evolve primarilyin
responseto the “demandsof the stimulus”,rather
than being organised solely on computational
criteria.

After a descriptionof the genericnetworkand

learningrule,wepresentresultsandanalysis(includ-
inga proof of convergencein theAppendix)for 1-D
periodic networks.We then describe a set of
simulationsillustratingthe behaviourof networks
in 2-D underincreasinglylargesubgroupsof the
affinegroup.We examinetheissueof self-similarity
in relationto a minimumerrorcriterionin motion
prediction,and lastly we show some resultsof
experimentsusingGaussianfunctions,to showthat
thebasicprincipleof thenetworkisreadilyextended
to spacesof functions.Thishasimplicationsin terms
of the rfp’s of cellsat variouslevelsin the visual
system.Thepaperis concludedwitha discussionof
ourfindingsinrelationto theproblemof symmetryin
vision.

2. NETWORKSTRUCTUREANDLEARNING
RULE

The networksusedin thisworkconsistof a single
“layer”of N units,eachof whichis characterisedby
an m-dimensional network vector Xi E am,

O < i < N– 1. In thisrespect,theyare similarto
theunitsof theKohonenself-organisingfeaturemap
(SOFM) or the learningvector quantiser(LV@
(Kohonen,1984).Timedependenceisindicatedby a
parenthesisedargument:attimen (i.e.,followingthe
nth iterationof the trainingprocedure),the ith
networkvectorisdenotedxi(n).

At the nth iteration,a set of N input vectors
yi(n) E 4?”, O< i < N– 1, is presentedto the
network.Theseinputvectorsinduceadjustmentsto
thenetworkvectorsxi(n– 1),O < i < N– 1,accord-
ingto thefollowinglearningrule:

Xj(?l) = xj(n – 1)+ a(n) ~ (y~(n)– x,(n – 1)) (1)
iEA1(n)

where

Aj(n)= {i: Ilyi(n)–x~(n–1)11< hi(n)

– x~(n– 1)11,k #j} (2)

indexes all those input vectors yi(n) to which
xJn– 1) is the closest network vector; a(n),
0< a(n) <1 is an adjustablelearningparameter.
Note that on any given iteration,a particular
networkvectorxj(n– 1)maybe theclosestnetwork
vectorto zeroormoreinputvectors,i.e.,thesetAj(n)
mayhavezeroormoremembers.Hencethatnetwork
Vmtorxj(n– 1)mayundergono update,or itmaybe
moved toward the mean of a numberof input
vectors.The variouscasesare illustratedin Figure
1,whichshowsaninputsetof four2-Dvectorsand
its effecton a four-unitnetworkfor a valueof the
learningparametera(n) of around0.5.
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FIGURE1. Networkvectorsxj(n–1) (solid ctrcles)and updates
to them induced by input vectors yl(rr) (open clrcfes). The
networkvector near the upper left comer Ie not affectedby any
input vector, whereas the network vector near the lower right
corner k affectedadditivelyby two inputvectors.

The learningruleresemblesthatof theKohonen
SOFM, but our networksdo not possessits local
connectivetopology:unitsareupdatedindividually,
withouttiecting otherunitsin thenetwork.Thisis
equivalentto a neighborhood or “bubble” sizein
the SOFM of zero, or to the LVQ with only
attractive,andno repulsive,interactions.A further
differenceisthatweuseN inputvectorsperiteration
ratherthanone,becausewe wishto considerinputs
which are themselvestransformedversionsof the
network.Indeed,a numberof differentpossible
sourcesof the input vector set {yi(n)} come to
mind.It might,for instance,be:

(A) a differentsampleateachiteration,drawnfrom
somedensity(cf. Kohonen,1984);

(B) a singlesample(prototypearray)of randomly
chosenvectors,transformeddifferentlyat each
iteration;

(C) the currentnetworkvectorset,suitablytrans-
formed.

Thesemethodsgenerateinputvectorsetswhich
differin thedegreeof structurewhichtheypossess
andintheirrelationshipto thenetwork;B andC give
rise to inputsetswhich are primarilyspecifiedin
termsof transformations,whereasA does not; C
gives rise to recursion—theinput set is directly
relatedto the existingstructureof the network—
whereasA andB do not.Thisworkdealsprincipally
withone-andtwo-dimensionalnetworksof typeC.

3.ONE-DIMENSIONALPERIODICNETWORKS

In networksof typeC, theinputvectorsetat each
iterationis a randomlytransformedversionof the
currentnetworkvectorset,

yi(~) = T(~)xi(~– 1), (3)

withT(n) drawnfroma densityon somesymmetry
groupof transformations.Thesimplestsuchnetwork

@update ~

● Networkvectorsx,(n-1) ● Updatednetworkvectorsx,(n)
O Input(transformed)vectorsy,(n)

FIGURE2. 1-D example of a networfsdrlvan directly by random
rotations. The left figure shows an input vector ●at {y,(n)}
derlvad from the networfsvector set {Xl(rr– 1)} by applying the
randomly-chosen rotation O(n).We find the nearest natworls
vector to esch input vector end move the former toward the
latter, raeuttingin the updatesshownas arrows, In thle case for
a value of Iaarnlng parameter a of about 0.5. The updated
networfsk shown on the right. For thk partkular value of the
randomrotation O(n),eachnatworfsvector Ie affectedby exaotfy
one Input vector.

is a one-dimensionalperiodicnetwork(the units
correspondtopointsonacircle)wheretheinputsetis
a randomlyrotatedversionof thecurrentnetwork
set. We examinethe behaviourof these simple
networksin somedetail,sincetheyshowinteresting
andprovableconvergencepropertieswhichshedlight
on thebehaviourof theirlessanalyticallytractable2-
D counterparts.

The stepsinvolvedin the nth iterationare as
follows,andaredepictedin Figure2 for a four-unit
system:

(i)
(ii)

(iii)

Selectarandomrotationr9(rI)uniformon [0,27r).
Applythisrotittionto eachnetworkvector,now
characterisedby a singleangleXi@– 1), to give
aninputvector~i(n):

Yi(~) = xi(~ – 1)+ t9(tl). (4)

Update the network vector set {xj(n– 1)}
accordingto thelearningruleof (1) and(2) to
givethenewnetwork{xi(n)}.

Figure3 showsarealnetworkof thistype,with32
units. Both the rotations

(a)

O(n) and the initial

(b)

FIGURE 3. 32-smlt networlson tha cfrcle, drfven by random
rotations. (a) initial ccnffguration;(b) after 5000 Iteratlona with
learning parameter a(n) = a = 0.1. The network convergee to
exactty regular spacingwitilrr a few thousandftarattcns.
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configurationshownin Figure3aaredrawnfroma
uniformdensityon [0,27r).The configurationafter
5000iterations,withthelearningparametera(n) set
to a constantvalueof a(n) = a = 0.1, is shownin
Figure 3b and is exactlyequallyspaced,up to
numericalprecision.

3.1. Existenceof a Fixed Point

It is easy to see that oncx regularspacing is
established,it willpersist.If thenetworkpointset
{xi(n– 1)} is regularlyspaced,thenthe inputset
{Yi(n)} is also regularlyspaced.Exactlyonenetwork
vector~j(n– 1) is the closestto eachinputvector
~i(~), and all such x, y pairsare separatedby the
sameangle.Theupdatesto thenetworkvectorsare
allidentical,andtheregularitypersists.Suchregular
configurationsthereforeconstitutea fixedpointof
the systemup to an arbitraryrotation,or in other
words a stableorbit or attractor. The following
theoremrestatesthisresult.

THEOREM 1. Let {~j, O < j < N– 1} be a set OJ
points on the circle, with input set given by (4) and
upalztes performed according to (1) and (2) above
(restated here h scalar form), i.e., at iteration n,

x~(n)= xl(n– 1)+ a(n) ~ (J’i(n)– Xj(?l – 1)), (5)
iEAJ (n)

where

Aj(n)= {i: [~i(n)–x~(n–1)[ < l~i(n)–xk(n–1)[, k #j}
(6)

and

Yi(n) = Xi(n – 1)+ O(n). (7)

Thenthepoint sets {xj = 2nj/N+ ~,0 < j < N– 1},

1.2
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(a)

where 1#is arbitrary, form a stable orbit for the system
(5)-(7).

Proof Let the point set at iterationn – 1 be
uniformlyspaced,

Xj(n– 1) = 2nj/N + ~, O < j < N – 1 (8)

andsubstitutefor xj(n– 1)from(8) into(7) and(6),
withO(n)alsoarbitrary.It followsimmediatelythat
for eachj, thereis exactlyonepointyi(n), i E Aj(n),
andhencethat

( )2n(i –j) + e(n) = 2rj/N+ $’,
xj(n) = 27rj/N+ @+ a(n) ~

(9)

which,becausethedifferencei – j isindependentofj,
describesanotheruniformly-spacedconfiguration,as
wasto be proved.❑

3.2. ConvergenceProperties

While the persistenceof regularconfigurationsis
easilyseen,theconvergencepropertiesof thesystem
are not straightforward.Its evolution may be
analysedin termsof the intervals~i betweenthe
points(withindicesmoduloN):

vi = Xi – xi-l , () < i < N– 1 (lo)

andin termsof a statevector~(n),deiinedas

The norm 11+[1of the statevectorconstitutesone
possiblemetricof irregularityfor the system,with
11#11= Oif andonly if thesystemis exactlyequally
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(b)

FIGURE4. Convergenceot32-unitckoular networkofFigure3 drivenby randomrotatlone.Irregularity,expreaeadas the norm ll#(n)ll of
ttre etete veotor(eee text) againat iterationnumbern: (a) ooareeresolution;(b) fine resolution.
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spaced;I[rj(n)llis plottedagainstiterationnumbern
for a typicalrunof thesystem,at low resolutionin
Figure4aandathigherresolutionin Figure4b close
to convergence.In theAppendix,we provethatthe
systemwill convergewithprobability1 to exactly
equalspacingfromanarbitraryinitialconfiguration.
Convergenceisobviouslyerratic,butcertainfeatures
are evident,particularlyin Figure 4b, and are
confirmedby the analysisin the Appendix.First,
the irregularityincreases,often dramatically,at
certainiterationsanddecreases,lessdramatically,at
others.Theappearanceof Figure4b atlow ordinate
valuesisoneof steady,roughlyexponentialreduction
of irregularity,punctuatedby relatively large
positive-goingjumps.Second,the graphof Figure
4b is generallyrougheratmoderateor highordinate
valuesandsmootheratlowordinatevalues,implying
thattherearefewerof thesepositive-goingjumpsas
thesystemapproachesregularity.

Thekeyfactorwhichdeterminesthebehaviourof
thenetworkat a giveniterationis themapping(2)
betweeninput (rotated)and networkpoints. For
certainconfigurations-particularlythosewhichare
close to regular—andcertainvaluesof therandom
rotation,the inputpointsmap to networkpoints
bijectively, or one-to-one,asin theartificialexample
of Figure2. It is shownin theAppendix[seeeqn
(A.24)]thatunderthesecircumstances,theirregular-
ityof thesystemcannotincrease,andindeedusually
decreases.Thusthe positive-goingjumpsin irregu-
larityvisiblein Figure4b correspondnecessarilyto
mappingsfrominputto networkwhichareinjective,
or many-to-one.As wasnotedabovein Theorem1,
whenthenetworkis exactlyregular,thiscan never
happensinceall possiblemappingsare bijective.If
the systemis perturbedslightlyfrom regularity,a
smallsetof rotationswillnowresultin an injection
whilemostwillstillyielda bijection.As thenetwork
approachesregularity,therefore,theprobabilitythat
a randomly chosen rotation will result in an
injection-which may dramaticallydisrupt the
system—isreduced.Hencethe greatersmoothness
of thegraphof Figure4b atlowordinatevaluesand
the rougherappearanceat higherordinatevalues.
Equation(A.27)confirmsa lineardependenceon 11+11
of an upper bound on the probabilitythat an
arbitraryrotationwillyieldaninjectivemapping.

The timerequiredfor convergencevarieswidely
for a givennumberof unitsN, dependingon the
initial networkconfigurationand the particular
sequenceof randomtransformationsapplied.In-
deed,thevarianceof thisquantityis so largeas to
renderitsmeanratheruninformativeaboutthelikely
behaviourof anetworkof Nunits.Itdoesseemclear,
however,that the time requiredfor convergence
increasesrapidlywiththenumberN of unitsin the
network.Table1showsthesamplemeanandsample

TABLE1
ConvergenceStetletfcefor Clrouler Networkwith Conetent

LearningParametera(n)=a = 0.1, aa a Funoflonof the Number
of UniteN; 64 RunaWere Made for EeohValua of N, and

“Converganoe”Implieathat the Norm Ilcjt(n)ll of tha State Vector
Falla belowa Tfrraaholdof 10-6 and Ramainetherefor at Leaefa
Further1000Iferationa.EntriaaShownAra the SampleMean and

Sampla StandardDeviation cresof the Numberof tteratlona
Requiredfor Convergence

No of Points SampleStandard
N Sample Mean Deviation

4 136 42
8 278 105

16 1105 642
32 6329 4409

standarddeviationof the number of iterations
requiredfor convergence,for networkscontaining
differentnumbersN of units,for a constantvalueof
thelearningparametera(n) = a = 0.1.Thesensitiv-
ityto N of theaveragetimeto convergencemaybeat
leastpartiallyexplainedby thequadraticdependence
on N of theinjectionprobabilityboundin(A.27);the
averagetimeto convergenceclearlydependsdirectly
ontheprobabilityof potentiallydisruptiveinjections.

3.3.Discussion

The salientpointabouttheregulararrangementto
whichthenetworkof Figure3 convergesis thatthe
exact regularity is an emergent global organisation,
inducedby random transformations of the network with
a local learning rule. It is also noteworthythatthe
networkattainsexactregularityevenwitha constant
valuea(n) = a >0 of thelearningparameter,with-
out theneedfor annealing[thegradualreductionof
a(n) to zero]whichis commonlyemployedto force
networksto converge(cf. Kohonen,1984).We do,
however,considerin the sequelannealednetworks
withlargernumbersN of units.

3.3.1.A Measure of Selfsimilarity. The behaviourof
thenetworkon thecirclehasno obviousconnection
withself-similarity:in whatsenseis sucha network,
drivenbytransformations,self-similar?Startingfrom
TheEuclideanmetricin am, weareledto themean
square error associated with the point set
X={xi10 < i < N– 1} under transformations
TeY
in some group and governed by a probability
measure IJ(l’”),

whichcan be simplifiedby notingthatthemeasure
P(T) on thegroupinducesa correspondingdensity
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pi(x) On each point xi c X, representingthe
abilitywithwhichit is displacedby x, giving

prob-

(13)

Now eachpointxi hasassociatedwithit a Voronoi
cell,Ri E 9!”, for which

{[X-Xill = ~hl[lX-Xjl[, X E Ri. (14)

It followsthatthem.s.e.of (13)canbewritteninthe
form

&(~= ‘~’‘jlj @~i(y–Xi)[ly–‘j112. (15)
i=o j=o RI

For a givendensityof displacements,thisisjustthe
squarederror betweenthe displacedversionof a
pointandthenearestpointin theset,averagedover
allpointsinthesetandalldisplacements.Thisseems
areasonabledefinitionforameasureof self-similarity
underthe specifiedtransformationprobabilitydis-
tribution.Forexample,if thepointsetX weretheset
of verticesof a regularpolygonandthegroupwere
the (finite)symmetrygroupof the figure,thenthe
errorwouldbe zero.Becausethegroupsof interest
arecontinuous,theerrorwillalwaysbenon-zero,but
it will be smaller,the bettermatchedis the spatial
distributionof X to thetransformationstatistics.

3.3.2. Network Dynamics as Gradient Descent in the
Mean. For rotationson the circle, becausethe
displacementdensityis independentof the origin,
(15)takestheparticularlysimpleform

Differentiating(16)withrespectto thepointxi and
simplifying,weget

whichtakesaccountof thefactthatvaryingthelimits
of theintegralhasno effecton them.s.e.Now from
(5) and(6), theexpectedchangein xi for a constant
valueof thelearningcoefficienta(n) = a is givenby

S. ClippingdaleandR. Wilson

dyp~ - xj)(y - xi) (18)

andso if thesecondtermin (17)iszero,wehave

(19)

Thusin thecaseof rotationson thecircleundera
uniformdensity,the networkupdateruleperforms
gradientdescentin the mean on them.s.e.definedin
(16). It is not hardto see thatthiscarriesover to
networkson them-torusdrivenbym-Dtranslations.
In general,however,(17)mustbe replacedby

~= ‘2~j&@pj(y – Xj)(y – xi)

@i(J’– X*)+N2144&i [[Y- xj112. (20)
]=0

If Pi(x) is smoothandthedensityof pointsis high,
thesecondterm,whichis quadraticin theradiusof
theVoronoicells,willmakea negligiblecontribution
to thegradient.It followsthatin thiscasetoo, the
networkwill tendon averageto performgradient
descenton them.s.e.

3.3.3. Comparison with Network Driven by Input
Transformations. For comparisonwiththe directly
transfonnation-drivennetwork(typeC), weconsider
brieflya similarnetworkdrivenbyinputtransforma-
tions (type B). Such networkslack the recursion
inherentin thetypeC networks,andareeffectively
just KohonenSOFM networkswithoutthe usual
annealingof thelearningparameter.

The learningrule remainsunchanged,but the
inputvectorsetat eachiterationisnowa randomly
rotatedversionof afixedprototype{zi}. Thusthenth
iterationinvolvesthefollowingsteps:-

a
(a) (b)

FIGURE 5. 32-untf network on the efrcfe, driven by random
roteffoneof a fixed randomprototypepettam. (a) Inttfalnetwork
configuration and random prototype; (b) netwo~ after 5000
iteration with teaming parameter a(n)= a = 0.1. The network
attaine only approximate regularity, and la perturbed by eaeh
new inputpraeentationin the abeenoe of annealing.
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FIGURE 6. “Converganea”of 32-unit clreular network of Figure 5, driven by random rofatlonaof a ffxad random prototypepattarn.
Irraaularlty of the network,exprasaad aa the norm Il+(n)ll of the stats vaotor. Unllke the networkdrhrandlraetfy by tranaformatfona
(Fig&ee 3-and 4), ttrlanatwo~ doss not In feet eonvergb.

(i)
(ii)

(iii)

SelectarandomrotationO(n)uniformon [0,27r).
Apply this rotationto each vector zi in the
randomprototype,to giveaninputvector~i(n):

~i(?l)= Zi + O(n). (21)

Update the network vector set {~i(n – 1)}
accordingto thelearningruleof (1) and(2) to
givethenewnetwork{xi(n)}.

Figure5ashowstheinitialconfigurationof sucha
networkon thecircle(it is identicalto Figure3a),
whichis alsousedas therandomprototype.Figure
5b showstheconfigurationafter5000iterationswith
a(n) = a = 0.1. For comparisonwith Figure 4a,
Figure6 showsthesamemeasureof irregularityfor
thenetworkof Figure5.Thepresentnetworkclearly
does not attain exact regularity;it attainaan
approximateregularityin responseto the gross
densityof input points, but in the absence of
annealing,continuesto respondto eachnewinput
presentationand hence the irregularityfluctuates
randomlyabouta nonzeromeanlevelvisiblein the
figure.

4. TWO-DIMENSIONAL NETWORKS

We havealsoexperimentedwithnetworksin which
theunitsare characterisedby vectorsin #*, using
transformationsdrawnfrom a varietyof symmetry
groupsandundervariousboundaryconditions.

4.1. NetworksontheTorusDrivenby 2-D Translations

The simplestsuchsystemis the2-D analogueof the
circularnetworkdescribedin Section3 above.It has

periodic (toroidal) boundary conditions, and is
drivenby 2-D translationsdrawnfrom a uniform
densityon [0,27r)x [0,27r).The initialconfiguration
is similarlydistributed.

4.1.1.A 32-unit Toroidld Network. Figure7 shows
thebehaviourof a 32-unittoroidalnetworkwiththe
learningparametera(n) setto aconstantvalueof 0.1.
Theinitialconfigurationis shownin Figure7a,and
theresultafter10,000iterationsin Figure7b. This
network convergesto regularitywithin several
thousanditerations,althoughas in the 1-D case,
thetimetakenvarieswidelyfor differentrunswith
differentinitialconditionsand randomtransforma-
tionsapplied.

Convergenceis to a latticeor doubly periodic
structure,just as the 1-D versionconvergedto a
singlyperiodic(regular)distributionon the circle.
TkTs-l~tticest~cture is a

... .
“. . . .. .

.
.

.
. .

.. . .
.

.
.

.
. .

: . . .

(a)

fixed point up to an

. .
. .. .. .

. .
. .

. .
. .. .

. .. .. .
. .. .

. .. .

(b)

FIGURE7. 32-unif natworkon the torua, driven by random 2-D
translations.(e) Initial eonfiguratfon;(b) after 10~~ ftaratlona
with learning parameter a(n) = a = 0.1. The network again
convergea to exaetly regular apaeing after several thousand
Itaratione. Note that there la a narrow margin between the
boundarycdtfradisplayedtorue and the frame.
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FIGURE 8. (a) Typical fixed point of a 17-unit network on the FIGURE9. 2S6-unitnetworkon the torue, driven by random2-D
torue;(b) a helical IatffcaIe a etebiefixedpoint,as ia any regular
Iattfca on the torue. Thie 8-unit networkwaa initialised cloae to
tha halioel configurationehown.

arbitrary2-D translation,by a trivialextensionof
Theorem1.Convergenceto aregularlatticestructure
hasbeenobtainedfor allnumbersN of pointsup to
N = 32,withthetimetakenagainincreasingrapidly
withN on thewhole.Particularnumbersof points,
e.g., N = 17, seemto requiremany iterationson
averageto converge;it seemsthatthenetworkhas
somedifficultyin findingthebasinsof attractionof
stablefixedpointsin suchcases.A configurationto
whicha 17-unitnetworkdoeseventuallyconvergeis
shownin Figure8a.

While an approximatelyhexagonal lattice is
preferredin general,any regularlatticeis a iixed
pointof thelearningruleunder2-D translationson
the torus. Such configurationsappearalso to be
stable,in thatif thenetworkis initialisedsticiently
close to sucha configuration,it willconvergethere
ratherthanto another,saynear-hexagonal,config-
uration.Figure 8b shows a stablehelical lattice
configurationin aneight-unitnetwork.

4.1.2.Annealed 256-unit Toroidal Network. One
solutionto the dramaticincreasein convergence
timewithnetworksizeisto forceconvergence,albeit
to someperhapslessregularstate,by reducingthe
learningparametera(n) withtheiterationnumbern
accordingto someannealing schedule. This approach
has been widely used in stochasticoptimisation
schemes(e.g., GemanL%Geman, 1984)and was
used by Kohonen (1984) to force networksto
approach some stable configurationrather than
continuingto oscillateaboutthatconfigurationwith
each new input presentationlike the unannealed
networkof Section3.3.3.Inallof theworkreported
hereon two-dimensionalnetworksof N = 256units,
a(n) wasmaintainedat a constantvalueof 0.01for
the first 99Y0 of the iterationsperformed,and
thereafterwas reducedlinearlyto zero (cf. Koho-
nen,1984).

We firstconsidera largertoroidalnetworkof the
type describedabove:the networkconsistsof 256
units, each characterisedby a 2-D vector on

tranelatlone. (a) Initial configuration; (b) after one million
iteration. in this and subsequentreeultefor 256-unitnetworks,
the learningparameter a(n) wae annealed to force approximate
converganoe In reaeonabla time (sea text). The atructure
obtained, howavar, etlll showe conaldarabie regularity over
much of tha network.

[0,27r)x [0,27r)(the arena), drivenby uniform2-D
translationsforonemillioniterations.Figure9 shows
theinitialandfinalconfigurations.Whilethenetwork
has not attainedcomplete regularity,substantial
areasof regularityarevisibleanda hexagonallattice
patternpredominates,punctuatedbydislocations.As
willbecomeapparent,thehexagonallatticepatternis
characteristicallyinducedin largenetworksdrivenby
random2-Dtranslations.

4.2.Annealed256-unitNetworks on a BoundedDisk

We considerin thissection256-unitnetworkson a
bounded,nonperiodicarena.Thelearningparameter
a(n) is annealedaccordingto thesamescheduleas
employedforthe256-unittoroidalnetworkdiscussed
above. The learningrule on a boundedarenais
slightlymodified:

(i) unitswhichleavethe arenaundertransforma-
tionsareignored,anddo not induceupdatesto
anynetworkunit;

(ii) despite(i),networkunitscanstillmigratebeyond
the arenadue to experiencingmultipleadditive
updatesatsomeiteration.Suchunitsarereplaced
on thearenaboundary.

4.2.1.Network on the Disk Driven by Elementary
Transformations. FigureIOashowsa uniforminitial
scatteringof pointson a boundeddisk.FigureIOb
showstheeffectof rotationsaboutthecentre,drawn
from a densityuniform on [0,27r).Only 10,000
iterationswereperformedin thiscase;sinceupdates
are alongchordsratherthanarcs,a systemdriven
only by rotationswill collapsetowardthe centre.
Figure10cshowsthe effectof dilationsabout the
centre,withthelog of thedilationfactoruniformon
~og(l/ 16),log(16)]for 100,000iterations.FigureIOd
showstheeffectof 2-D translations,uniformon a
disk of the samesize as the arenawith the null
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FIGURE 10. 256-unit networt on a diak, drivan by elementary
transformations.(a) Typioei initiai configuration;(b) driven by
rotatfona about the centra, 10,000 iteration; (c) driven by
dilationeabout the cerrtre,100,000ftarafione;(d) driven by 2-D
traneiatiorwuniform on a diak of the came eize as the arena,
100,000itaratione.

translation10,O]Tat the centre,againfor 100,000
iterations.

It is clear that such systemstend to become
regularlyspacedwithrespectto thesymmetrygroups
from which the transformationsare drawn;2-D
translations,whetheron the torusor the bounded
disk,tendto inducea periodiclatticearrangement
witha hexagonallatticebeingpreferredin general.
Rotationson thediskinducefirstanaggregationinto
concentricrings, and then a more even angular
distributionof unitswithineachring(plusatendency
for the wholefigureto contractin the process,as
notedabove).Dilationsinducean aggregationinto
radial“spokes”,and thena moreeven distribution
withrespectto log r of unitswithineachspoke.

4.2.2.Network on the Disk Driven by Composite
Transformations. Figurella showstheeffecton the
networkof compositetransformationswhichare a
combinationof theelementarytransformationsused
in FiguresIOb-10d.Eachtransformationconsistsof
a randomrotationabout the centreuniformon
[0,27r),arandomdilationaboutthecentrewithlogof
the dilationfactoruniformon ~og(l/16),log(16)],
anda random2-D translationuniformon a diskof
thesamesizeasthearena.Onemillioniterationswere
performed.Despitetheuseof compositetransforma-
tions,the resultis dominatedby the effectsof the
translationcomponent.An approximatelyhexagonal
latticecoversmuch of the figure,with significant

(a)

(c)

. . . . .

(b)

(d)

FIGURE 11. 25&mit network on a diek, driven by compoeite
transformations(rotation + diiatfon + traneiation)with varying
treneiationaioomponant.(a) Traneiationsuniformon a diairthe
came efze as the arena; (b) traneiationeuniformon a diek 0.2
times tha iinear eize of the arena; (c) traneiationeuniformon an
eiiipee 0.5 flmae the ●ize of tha arena horizontallyand 0.2 timao
tha ●iza of the arena verficaiiy; (d) no traneiattone(i.e., point
treneiafion deneity). Ona miiiion iteratiorw were performed in
each caee.

distortiononlyat,andinducedby,theboundary.The
circularand radial organisationscharacteristicof
rotationsanddilations(FiguresIOb-10c)arenot in
evidence.

Of considerableinterestis theeffectof reducing
themaximummagnitudeof thetranslationcompo-
nent from the relativelylarge value used in the
exampleof Figure 1la. In vision,effkctiveobject
translationsmay be restrictedby the use of eye
movementswhichtracktranslatingobjects(but do
not, of course,compensatefor object rotationor
dilation),andthetendencyof mammalianvisionto
attemptto fixatea pointin thevisualenvironment
willleadto smalltranslationsasthegazedriftsfrom
the nominalfixationpointandis broughtbackby
activecorrection.Thereforeit seemsappropriateto
consider the effects of rotations,dilations,and
restrictedtranslationsasarguablya morerepresenta-
tivemodelof the transformations“seen” by visual
systemsundercertainconditions.Figurellb shows
theeffectof suchtransformations.The rotationand
dilationcomponentswereas in Figureha, but the
translationsarenowuniformonadiskonly0.2times
thelinearsizeof thearena.A foveal regionof high
unit density, possessingthe hexagonal lattice
structurecharacteristicallyinducedby translations,
is presentat the centreof the network.Its spatial
extentcorrespondsapproximatelyto thedensityfrom
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whichthe translationsare drawn,at leastfor the
parametersetusedin thiscase.(Thefovealsizehas
alsobeenobservedto dependratherstronglyon the
rangeof dilationsused,forexample:a widerrangeof
dilationsleadsto a smalleranddenserfovea for a
givendensityof translations.)

To testthe relationshipbetweenthe translation
densityandthestructureof theresultingfovea,we
variedtheshapeof thedensity.Figure1ICshowsthe
resultfor translationsuniformon an ellipseof 0.5
timesthelinearsizeof thearenahorizontallyand0.2
vertically.Figure 1ld shows the result for no
translations(i.e., a “point” translationdensity).
From thesefigures,it seemsthatthe spatialextent
of theinducedfoveaindeedcloselyreflectsthedensity
from which the translationcomponent of the
compositetransformationsis drawn.The periphery
tendsto possessthe spiralorganisationcharacter-
isticallyinducedby the rotationaland dilational
componentsandvisibleinisolationinFigure1ld, but
alsoshowsa localhexagonalstructure.

4.3.Discussion

4.3.1.Se&nilarity of Foveal Networks. Whileit is
difficultto show analyticallythat such a foveal
arrangementis optimalundera criterionof self-
similarity,thereareheuristicandempiricalreasons
for supposingit to be so (seealsoSections3.3.1and
3.3.2).Considerthe sample-averagesquarederror
e(T) betweenthe transformedand networkvector
sets,definedas

(22)

wherethe sum is over the Na < N transformed
vectorsTxiwhichfallwithinthearena.Weestimated
the averageerror E[e(T)] [cf. the self-similarity
measuredefinedin (12)]as a sampleaverageover
10,000transformations,foreachof thefournetworks
shown in Figure 11, under each of the four

TABLE2
Measured Seff-almllarityof the VariouaFoveal NetworkaShown

In Figure 11 with Reapacfto Eaohof the Transformation
DenaitieaUsedto Derive those Networks.The Meaaure

Tabulated la fhe Normalised(par Column)Sample Average
Squared ErrorAttainedby Each Networkunder Eash Transfor-
mation Denalty(see Tezt). The Averagaaware Performedover

10,000 RandomlySeleotedCompoeNeTransformations

Tx (a) TX (b) Tx (C) TX (d)

Nwk (a) 1 1.62 1.44 1.87
Nwk (b) 1.29 1 1.07 1.06
Nwk (C) 1.27 1.06 1 1.18
Nwk (d) 1.25 1.02 1.09 1

transformationdensitiesused to derivethosenet-
works.Theresultsareshownin Table2 andshould
be comparedwithineachcolumn,correspondingto
theperformanceof thevariousnetworkson a given
densityof transfonnations.It is clear that each
networkis more self-similarin termsof thiserror
measurethananyof theothers,withrespectto the
densityof transformationsunderwhichit evolved.

4.3.2.Perturbation Behaviour. While the resultsof
the previoussectionare encouraging,theydo not
showthatthenetworkshavefoundmaxima of self-
similarity(i.e.,minimaof theaverageerrorE[e(T)])
even locally, let alone globally. Accordingly,we
repeatedtheexperimentwithperturbedversionsof
the networksof Figure 11. The networkswere
perturbedby applyinga random2-D translationto
eachunit,uniformon a smalldiskcentredon the
unit.As the radiusof that disk (theperturbation
radius) increases, the network becomes more
perturbed. Figure 12 shows, for each network, the
dependence of the average error on the normalised
perturbation radius (= perturbation radius/arena
radius). Each perturbed network was driven with the
same density of transformations under which its
unperturbed counterpart evolved.

In each case, the relative squared error increases
roughly parabolically for values of the perturbation
radius significantly smaller than the inter-unit
spacing, whencetheperturbationdoesnot affectthe
input-networkmappingfor most pointsand most

0.0?4,

0 0,W3 O.01 0.015 0.02 0.02S 0.03 0.035 0.04 0,045 0.05

Normalisedperturbationradius

FIGURE12. Seif-aimilarltyof perturbed veraiona of the varioua
foveal networkaof Figure 11, with reapaof in eaoh case to the
transformationdenaityused to derive the unperturbednetwork.
The graphfor eaohnetworkshowstha sample average squared
error between transformedand untransformedveraiona of the
perturbed network, aa e funotion of normalised perturbation
radiua(ace text).The error was averaged over 1000trenaforma-
tionsfor each date poi~ and the error for zero perturbationhaa
been subtractedfrom ali pointsao that the grapha paas through
(O,O)(i.e., the error shownia relative to the unperturbedoaaa).
in abaoiute terma, the squared error at the largest vaiue of
perturbation shown here ia about S&30% iarger than in the
unpwturbadcase.
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transformations.At largervaluesof perturbation
radius,theerrorfallsbelowparabolic;thenetwork
whichexhibitsthiseffectIirstis network(d) sinceit
hasthesmallestinter-unitspacingof anyof thefour
networksatitscentre.Whilethisexperimentdoesnot
prove the networksto be maximallyself-similar
underthe respectivedensities,it stronglysuggests
thattheyhavefoundatleasta localminimumof the
error,andtheclearrelationshipbetweentheformof
thetransformationdensityand the structureof the
networksuggeststhatthe minimumfoundin each
caseis closeto theglobalminimum.

4.3.3.Prediction and Se~-similarity. There are two
qualitativelydifferentlevelsat whichthesenetworks
organiseunder the inlluenceof transformations.
Thereis a local levelof organisation,at which,for
example,2-D translationsinducea regular,approxi-
matelyhexagonallatticestructurein the network.
Thenthereisa global levelof organisation,atwhich,
for example,the fovealregionoccupiedby sucha
latticestructureis of a spatialextentdeterminedby
the spatialextentof the densityfrom whichthe
translationsaredrawn.

Theseresultssuggestthatfovealstructures,aswell
asprovidingahighercentralresolution,mightalsobe
close to optimalunder the apparentlyunrelated
criterionof self-similarity,under2-D transforma-
tionswhichincludea restrictedtranslationalcompo-
nent,such as mightarisein visionas a resultof
trackingeye movements.Furthermore,wherethe
translationdensityis anisotropic,it seemsthat a
comparablyanisotropicfoveal structuremaximises
self-similarityunder that density.While not con-
clusive,it appearsfrom visualphysiology(Hughes,
1977)thatpossessionof a pronouncedretinalvisual
streak—an elongatedhorizontal region of high
receptorand ganglioncell density—iscorrelated
withspecieswhichdwellin opencountry,andwhich
mightbe expectedto scourtheirvisualenvironment
witha biastowardhorizontaleyemovements.The
visualstreakseemsto be largelyabsentinforest-and
undergrowth-dwellingspecies,for whomeyemove-
mentis lesslikelyto havea horizontalbias.From
Hughes(1977,p. 709):

. . . the visual streakis common to terrestrialspecies
whosefieldof viewis notcompletelyobscuredbynearby
vegetation[. . .];theterrainsurfaceis overtin all butthe
most overgrownwoods, abovethe streambedto a fish,
or abovethe sea to a flyingor floatingbird.

Thereis an interestingconnectionbetweenself-
similarpointsetsand signalprediction,whichmay
helpto shedsomelighton why sucha mechanism
mightbe involvedin the developmentof retinal
structures.Supposethata system’sonlyinformation
abouta continuousspatiotemporalsignalS(X,t) is a

set of samplestakenat someinstantof timet= 1,
say, at the points xi c X, giving samplevalues
sl(xJ,O< i < N – 1. From these samples,it is
requiredto predictthe signalat the nextsampling
timet= 2, S2(X)= s1(Tx), whichis obtainedfrom
thesignalat timet= 1 by a motion,representedby
thetransformationT. Thetransformationsaredrawn
at random from some group, with probability
measureP(O. If we takeas a predictionfor each
samplesz(xi)thesampleS1(xj)whichminimises,over
thesignalstatistics,theexpectederror

ei = E[lsz(xi) – S1(Xj)12]= ~l?[l~z(xi) – S1(W)12](23)

thenwhichset of samplingpointsX= {xi} would
minimiseoverthetransformationstatisticsthetotal
meansquaredpredictionerror(m.s.p.e.)?

For a giventransformationT, theaverageerror
associatedwiththeithpointis

ei(T) = ~nE[lsl(TxJ – S1(Xk)12]

= 2~n(&(0) – R~(Tx~– Xk)), (24)

whereit is assumedthatthesignalis spatiallywide
sense stationary,with isotropic autocorrelation
functionR,(x) = R,([lxll). Since R,(x) is an even
functionof 11x11andhasa maximumat O,itsTaylor
expansioncanbe writtenas

R,(x) = R,(o)+ +&’(o)llx[f+o(llxf). (25)

Thus, provided the sampling density is high enough,
the average error ei(T) isgivenby

ei(T) = -R;(O) mpllTxi – Xkll’. (26)

Notethatthesecondderivativeof theautocorrelation
isnegativeatO.Summingoverallpoints’xi EX and
takingexpectationswithrespectto the transforma-
tionsgivesthetotalm.s.p.e.as

whichis identicalto the originalequationdefining
self-similarity(15), apart from the multiplicative
constant –F;(O). In other words, the optimal
samplingpoint set X is just the one whichis self-
similarunder the transfonnations.Although the
above demonstrationis basedon predictionusing
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singlepoints,it seemslikelythata similarresultwill
obtainif smallneighbourhmz% withinX areusedin
theprediction,ratherthansinglepoints.

The above discussion shows why we have
concentratedon self-similarnetworks.If the input
signaltransformsaccordingto somedensityon a
group, then the networkwhich providesoptimal
samplingfor motionpredictionis maximallyself-
similarunderthatdensity,andmaybe generatedby
drivinga networkdirectlywiththesametransforma-
tions.Furthermore,if someadaptivemechanismacts
(whetherover the lifetimeof an individualor over
many generations)to reducethe averagemotion
predictionerror,thenthismechanismwillgiverisein
thesamewayto a maximallyself-similararray.

5. FUNCTIONNETWORKS

The self-organisationalprinciplesunderwhichthese
networksoperatemay be extendedto networksin
whichthe unitsare characterisedby parametrised
functionscorresponding,for example,to therecep-
tivefieldprofilesof visualcorticalneurons.Indeed,
such receptivefield profilesare most commonly
describedin termsof parameterssuchas orienta-
tion, position and spatial frequency,often with
bandwidthsattachedwhich expressthe degreeof
selectivityin eachparameter.The localmappingof
suchparametersinprimaryvisualcortexhasreceived
much attention(Schwartz,1980;Swindale,1985;
Hubel,1988;Durbin& Mitchison,1990)butrather
lesshas beenpaid to the global regularityof the
machine~-which we suggestmay approachself-
similarityundertypicalvisualtransformations-and
to the view of transformationsas fundamentalin
shapingthestructureof perception,whichhasbeen
largely the preserveof psychologistsand group
theorists(Gibson, 1950;Hoffman,1966;Shepard,
1981;Caelli& Dodwell,1982;Dodwell,1983).

Whereasthe point networksof the previous
sectionscanrepresentanimpulsivesamplinggrid,a
functionnetworkcan representa basisfhnctionset
intowhichan inputmightbe decomposed,muchas
visualinputisrepresentedbytheactivitiesof neurons
with particularforms of receptivefieldprofile.A
maximally self-similar basis fmction set underagiven
setof transformationsisthena setof functionswhich
most closelyresemblesitselfon averageunderthe
coordinatetransformations.This impliesthat the
effectof motionson theinputcanbe approximated
by permutationsof theoutput(cf. Section4.3.3and
Simoncelli et al., 1992), thus decoupling the
representationof the Jbrm of the input (the
perceptual“what”) from the representationof the
transformationacting upon it (the perceptual
“where”).

Inthepointnetworksof theprevioussections,the

metric usedto rankthesimilarityof transformedand
untransformedpointswassimpleEuclideandistance.
In functionnetworks,wehaveto replacethatmetric
by an inner-product-baaedmeasure,andalsoensure
thatall basisfunctionsare normalisedin orderto
rendersuchinnerproductsmeaningfidin termsof
similarity.However,thereremainsa problem of
computationalburden,andfor thisreasonwe have
chosento considerfunctionsrepresentedby pointsin
a parameterspaceratherthanto directlymanipulate
the fhnctions,whichwould involveperforminga
numericalintegrationfor each innerproductand
normalisation.In a suitableparameterspace,while
the class of functionsis perhapsunrealistically
restricted,an inner product between any two
functionscan be definedin closedformin termsof
theirrespectiveparameters.Thisapproachhasalso
beenusedby DurbinandMitchison(1990)in their
workon corticalmaps.

5.1. ParametrisedGaussianNetworks

Eachunitinthesenetworksisassociatedwithathree-
dimensionalparametervector.For the ithunit,the
parametersUi, Vi encode(centre)position,just as in
the 2-D point networks.Now there is an extra
parameter~ whichencodesthe variance(spatial
scale) of a circularlysymmetricunit-energy2-D
Gaussiancentredat (ui,vi)andgivenby

1
Gi(~,V) = —

,W – (u – u,)’ + (v – v,)’
(28)

L7ifi 20$”

A co-ordinate transformationapplied to this
Gaussianwill give anotherGaussianwith para-
meters which are simply related through the
transformationto thoseof theoriginal.

At eachiteration,we applya randomcomposite
transformationto thenetwork.Havingobtainedaset
of parametervectors describingthe transformed
network,we thenfind, for each transformedunit,
the “nearest” untransformedunit. As discussed
above,thisnowinvolvesaninnerproductsimilarity
measureratherthanEuclideandistance.

Theinnerproductof twoGaussianswithdifferent
positions and scales has a simple closed-form
expressionin termsof theparameters,

– biuj (Ui- Uj)2+ (Vi- V])*. (29)

Cf+oj -’- 2(4 ++)

Wemustalsoreformulatethelearningruleto specify
how the variousparameterswill be updated.We
update the centreposition linearlywithin limits
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imposed by the arena boundary,with learning
parametera(n), exactlyasfor thepointnetworksof
previoussections.We also updatethe variance~
linearlywithinhard limits,withthe samevalueof
learningparameter.Thusif eachunitischaracterised

cP]T,theformof updateruleby a vectorXi= [w, vi, i

givenbyeqn(1)stillholdswithinthehardlimits.The
setdefinedby (2),however,isnowexpressedinterms
of innerproducts:

Aj(rI)= {i: (yi(n),x~(n– 1)) > (yi(n),~(n – 1)), k #j},
(30)

wherethe innerproductof the pa~ametervectors
a= [u.,v.,a~]T and b= [u~,v~,~] is definedin
termsof theircomponentsas

(a,b) = ~ exp-
(Ua – ub)z + (Va – V~)2

2(U:+ @ “
(31)

a

Figure13showstheresultsof 128-and256-unit
Gaussiannetworkson the disk,directlydrivenby
compositetransformationsfor 100,000iterations.
Theannealingschedulewassomewhat“hotter”over
the earlystagesthanfor the pointnetworks,with

(a)

@
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FIGURE 13. 12S- and 25S-unttGauaslan networke on the disk,
driven by compoelte transformations(rotation + dllatlon +
translation) with varying translational component.(a) 12S-unit
network:translationalcomponentuniformona disk0.2 ttmesthe
linear elze of the arena; (b) 12S-unit network: translational
componentuntformon an ellipse 0.5 timeethe eize of the arena
horizontallyand 0.2 timeethe eize ofthe arena vertkally; (c) 2SS-
unlt variant of (a); (d) 25S-unftvariant of (b). 100,000 Itaratlone
were performedin each caee.

a(n) maintainedat a constantvalueof 0.05for the
first95% of theiterationsperformed,andthereafter
reduced linearlyto zero. The figuresplot each
Gaussianasa circledrawnatonestandarddeviation
fromthecentre,withthicknessincreasingwithradius
becausethismakesit easierto seethevariousscales
presentinanygivenregion(aslightdefocusingof the
reader’svisionmayalsohelp).

Figure13ashowsaGaussiannetworkof 128units,
driven by transformationsdrawn from the same
densityasinducedthecircularfoveain thenetwork
of Figure1lb. Figure13bshowsa similar128-unit
Gaussiannetwork,but drivenby transformations
drawnfrom the densitywhichinducedthe elliptic
foveain thenetworkof Figure1lc. Figures13cand
13dare256-unitvariantsof (a) and(b) respectively.

5.2.Discussion

Again, the applicationof transformationswithre-
strictedtranslationalcomponentinducesa foveal
region in the networks.The fovea containsthe
smallestGaussianunits,packedin a configuration
whichisclosetoahexagonallattice,andisof aspatial
extent which correspondsto the densityof the
translationalcomponentof theappliedtransforma-
tions.Figure13ashowsa roughlycircularfoveaand
Figure13ban ellipticfovea,of comparabledimen-
sionsto thefovealregionswhichemergedin Figures
llb and 1lc. In addition,we now observethat
multiplescalesare presentat any spatialposition.
(Notethatthelargestcircleineachof theseexamplesis
aGaussianof largescale,notapictureframe.)Figures
13aand 13bhintthatthe fovealstructuremay be
similaroverarangeof scales.Forexample,thepairof
larger-scaleunitsnear the centreof figure 13b is
orientedhorizontallylike the major axis of the
smaller-scalefovea. However,128unitsis too few
toexpresssuchastructureclearly,andhenceweshow
correspondingexamplesof 256-unitnetworksin
Figures13cand13d.

Whilemorecrowded,the256-unitexamples,and
particularlythe elliptic-foveaexampleof Figure
13d, illustratethat the foveal structureis indeed
similarat differentscales.In thatfigure,thereare
two clearlyvisible foveal groupingsof different
averagescaleswhich occupy the sameelliptically-
shapedregionat thecentreof thefigure,resembling
overlying layers. There is also a larger-scale
structureat the centre at a fiuther two scales,
includingthesingleunitwhichcomprisesthelargest
Gaussianinthenetwork.

In all theseexamples,it is clearthata more or
lessorderlyarrangementof multiplescalesemerges,
witha spacingout in the scaledimensionof units
locatedat similarcentrepositions,togetherwitha
spacingout of spatialpositionwithineach scale
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layer.The smallestscalesare presentonly within
the foveal region, the spatial extent of which
dependson thedensityof thetranslationalcompo-
nent of the appliedtransformations,and which
possessesa local organisationwhichapproximates
the hexagonallatticepatterncharacteristicallyin-
ducedby 2-D translations.Withineach layer,the
unitscalevarieslittlewithinthefovea,but tendsto
increasesteadilywitheccentricityin the periphery.
In theexampleof Figure13c,for example,a wide
rangeof scalesis representedat the centreand in
thefoveaas a whole,butin thefarperiphery,only
unitsof largerscaleare found. This organisation
exhibits certain featuresof both artificialand
biologicalvisionsystems.Thefactthatthestructure
is layeredin scale,ratherthanmore continuously
or randomlydistributed,is a featuresharedwithall
artificialmultipleresolutionsystemsto date (Burt
& Adelson, 1983; Rosenfeld, 1984), while the
increasein receptivefield size in the peripheryis
characteristicof mammalianvision(Hughes,1977).

6. CONCLUSIONS: TRANSFORMATIONS IN
VISION

Wehaveshowninthisworkthatasimpleadaptation
of theKohonenSOFMcan,withappropriatechoice
of “stimulus”,leadto self-similar1-Dand2-Dpoint
andfunctionsets.Wehaveexaminedtheconvergence
of the networksand proveda strongconvergence
resultin one importantcase.We havealso shown
how self-similarityleadsto efficientmotionpredic-
tion.

Clearly,anysystemconcernedwithperceptionof
an environmentdominatedby motion will find
someadvantagein optimizingitspredictionof that
motion:only by suchmeanscanit reducetheflow
of dataimpingingon it to manageableproportions.
Even the rudimentarymotionestimationmethods
used in the currentgenerationof imagesequence
coding systemsgive significantreductionsin data
rate (LeGall, 1991).It thereforeseemsplausible
that the nonuniformsamplingexhibitedby the
retinaeof so manyanimalsmayhavebeenadapted
over time for the purposesof motion prediction
and representation.That this shouldlead to self-
similarsamplingarraysis perhapsnot obviousat
fist glance,but turnsout to be thecase.Whether
thecrudemechanismthatwe havereported,based
on a Kohonen updaterule, has any biological
plausibilityis anotherquestion.Theonlyconclusion
we can reachfrom thework reportedhereis that
throughcomparativelysimpleadaptationmechan-
isms,it is possibleto developvisualrepresentations
which are well adaptedto the representationof
visualmotion.

Thereis stillmuchto do, both in extendingthe

theoreticalresultsand in exploringfunctionnet-
works.Wefeelthattheresultswehaveachievedthus
far areencouragingenoughto makesuchdevelop-
mentsworthwhile.
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where

7-= my(-ri),hh = qn(~,). (A.6)

Clearly,O< flj < 1, 0< i < N – 1, and at least one /3,is zero
and at least one other is unity. Then the innerproductterm is
boundedby

(E[A@(n+ l)l@(n)],@(n))= - aN(7~~ 7*)3

APPENDIX: PROOF OF CONVERGENCE FOR
N POINTS ON THE CIRCLE UNDER UNIFORM

ROTATIONS WITH CONSTANT LEARNING
COEFFICIENT

< - CIN’yti(T=– T*)’ N-’1
. 8rr ~sAftersome preliminaries,it is shownin Lemma1 that from any

initialstate,thesystemwillapproachtheoriginin thestatespace-
correspondingto regularspacing of the point%as closely as
desiredprovidedthatthe learningcoefficientis chosensutliciently
small. Then Lemma2 showsthat if the systemstarts sutliciently
close to theorigin,thereis a non-zeroprobabilitythatit willreach
the originin the limit. These resultsare combinedin a theorem
whichprovesthatthe systemwillreachthe originin thelimitwith
probability1, from any initial state, given a suitablechoiceof
learningcoefficient.

‘ -%(-/= - ‘b)’. (A.7)

Boundon the incrementalvariance

The effect on the ith interval~, of a rotatedpoint x may be
expressedby theupaiztefmction p,(x) associated with that interval,

[

xi-2 + xi–l < ~ ~ w-l + xix,_,- x,
2% 2

Pi(x) = x – x,, %-l + xi xi + X,+l—< x< —
2 2

(A.8)

Preliminaries
Since the rotationsappliedare uniformon [0,27r),expectations
with respectto thatdensityaregivensimplyby

(0, else.
(Al)

Theithcomponentof thesquaredincrementmaythenbeexpressed
in termsof the p,(.) andthe rotationOasUsingtheconventionalnotationforinnerproductsandnorms,the

conditional mean squared norm of the updated state vector
@(n+1) is givenby N–1 N-1

(A@i)2=~’ ~ ~ ~i(Xj ●F8)#i(Xk+ 8) (A.9)
j=O k=O

E[l[@(n+ l)1121#(n)]= ll~(n)ll’+2(~A4(rI+ l)l#(n)],@(n))

+~[llMO+1)1121W]. (A.2)
andthe incrementalvarianceis then

Bounds on the second (inner product)and third (incremental
variance)termson the rightof (Al) maybe established.

whereRi(.)is a correlationfunctionassociatedwiththeithinterval,Boundon the innerproductterm

A simpleintegrationgivesthe innerproducttermas a functionof
the intervals~, as

2X

Ri(x)=
I~ Pd’4Pi(v +Xw. (All)

(~A~(n + l)l#(n)],@(n))= #N~’71(%_I - 2f + ‘Y?+I) (A.3)
1=0

Theincrementalvarianceis boundedby notingthat

(A.12)whichcan be rewrittenas

(E[A@(n+ l)l#(n)],@(n))= -#N~ (vi +Ti+l)(vi - ~i~l)z <0.
i=o

(A.4)

andso for any~,

To proceed,we momentarilyreplacethe N variables~i by the
related/3,,definedby

-/i= -rnlln+Bi(bx – %nin) (A.5)

(A.13)

Withtheseboundsestablished,the resultsfollow:
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LEMMA1. Let 4(O) be the arbitrary initial state of the network. Then
for any c >0, there exists an a >0 and n < +CCIsuch that with
probability 1, Il+(n)ll< e.

with p given by

# = a’ + (1- a)’ +ti(l _a)m*
Prooj For any#, the incrementalvarianceis boundedby (A.13).
Now let 11#11> e/2. Since

then it follows that Prob {& ~(n) = O} >0.

7- ‘7- >%“~” (A.14) ProoJ LetObe therotationappliedatiterationn+ 1,andsuppose
thatthereexistsaj suchthatforeverypointx,,

it followsfrom(A.7)thattheinnerproducttermis boundedabove
by

(EIA#(n+l)l@(n)],#(rI))< -=. (A.15)

w-l +x xl +X1+1
2 < x,-, + e < ~. (A.23)

In otherworda,eachpointxi-, landsin a different“bin”underthe
rotation 0, and affects only the correspondingpoint x,. The
mappingbe.twemrotatedandunrotatedpointsis bijective, or on-
to-one.It is easy to showthat for bijectionsj11~11is unchangedor
redueed:

It thenfollowsfrom(A.2), (A.13)and(A.15)thatchoosing

N-1

114(11+1)112=X [O-46(4 +CYIA-A412s 114(4112.(A.24)
t=o

impliesthatfor 11~1[> .5/2,

Hence 11~11can increaseonly if the mappingbetweenrotatedand
unrotatedpointsis injective, or many-to-one.(Wewill asaumefor
mathematicalconveniencethat the converse is also true-d
injwtions increase 11#11,and only bisections oan leave 114[1
unchangedor reduee it—and we will prove that the system
convergeseveninthisworstease.)LetP+(n) be theprobabilitythat
Il@[lincreases,

.E[ll@(n+1)11’l$(n)]< IIW112. (A.16)

Now let %be the smallestintegern for whichll~(n)ll < 5/2 and
nO= +CCI.if no suchintegerexista.Definethe process {~(n)} as
{~(n)} Withstopping,i.e.,

(A.17) P+(n)= Prob{[l#(n+ 1)11> ll~(n)lllfln)}. (A.25)

P+(n) is boundedbyobservingthatit cannotexeeedtheprobability
of an injection,or equivalentlythe probabilitythat at least one
pointreceivesa zerou#ate,

l%en {ll~(n)ll} is a supermartingrde,andby virtueof (A.16),

E[ll~(n + I)1121&n)]< [lJ(n)ll*,n < no. (A.18)

Then by the supermartin$aleconvergencetheorem(Doob, 1990,

I
Theorem4.1s,p. 324, {1#(n)ll} hasa limitL almosteverywhere,
andas a consequenceo (A.16),

(A.26)

Nowsinm~_ – ~fi < @#n, it followsthattheprobabilitythat
lldllincreasesis boundedby& < ./2. (A.19)

P+(n) < $#lfj(n)ll. (A.27)But thentheremustexist somefinitem < ~ for which

(A.20)Ih)ll -I&<4
It follows from (A.24) that 11~11is unchangedif and only if
A(n) = @i-j(n),O~ i G N– L sin= this impbesthatj= O or
that #(n) is periodic, the probabilityPo(n) with which 11~11is
unchangedsatisfiesthe relation

i.e., suchthat

llb)ll <E. (A.21)
Po(n)= Prob{ll#(ii+ 1)11= Ilfln)lllo(n)}< ~, Il#(n)ll>0. (A.28)

In other words,with probability1, thereexists an m < +eo for
which All other bisectionsyield a reduction in 11~11,and a simple

variationalargumentshowsthat in this event,
(A.22)

[ 1IM+ 1)112< ~+(1 -a)2+2a(l -a)ms~ ll#(fI)112

=P’IIW112)P <1. (A.29)
as wa8to be proved.

LEMMA2. If

Henceif 11~11is redueedat all, it is reducedbyat leasta factorof p,
and the probabilityof a subsequentincreaseis itself reducedin
accordancewith (A.27).Now we introducea new indexsetMm< &@
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{m,, k = 0,1,2,... ;mk> mk.l,m = O}whichindexesOtdy thO.%
iterationsat whichll@llchanges:

{m.d= {~: 110(411# ll@(fk- 1)11,n > o}. (A.30)

The probabilitythat the change in 11#11at iteration m~+, is a
reductionis givenby

.
fiOb{ll@(Mk+,)ll< ll~(mk)ll}= (1– ~+(mk)- l$(mk))~ (pO(mk))’

1=0

= , - P+(m*)
1- p~(mk)

(A.31)

Thentheprobabilitythatallchangesin 11~11arereductionsis given
by

m

( P+(nrk)

)‘= II 1-1 – po(mk)“
k=l

From (A.27), choosing sut%cientlysmall

114(0)11<&m

(A.32)

gives P+(0) < p/2, andit thenfollowsfrom(A.28)thattheproduct
on the rightof (A.32)converges,giving

p > fj (1 -$) > fiq(-2&) =exp(-~) >0. (A.33)
k=l k=!

Thereis thereforea probabilityP >0 that the sequencell~(n)llis
monotonicnon-increasingandthereforepossessesa limit~, say.
Let~(n) bethelimitstate.Thenit followsfromLemma1thatthere
exists some a >0 for which ~lld(n + l)lll#(rr)]< L unless
VW= TA i.e., unless~ = O.Hence

fj(n) 5’ o

and

{ }
Prob ~r~n) = O = P >0 (A.34)

as was to be proved.❑
CombiningLemmas1 and 2, the theoremfollows:

THEOREM2. Thereisa learning coefficientafor which,for any initial
state c$(0), the network will converge with probability 1.

ProoJ Choosing a such that by Lemma 1 there is an n < +ea for
which

Il+(n)ll < ‘=AN
NW

(A.35)

guaranteesby Lemma2 that thereis a probabilityP >0 that the
networkwillconvergefromthatstate.Nowdetie theithtransition
timen, as follows:n, is the tit n for whichll~(n)ll< AN,andn,,
i >1, is the smallestn for which both (i) Il#(n)ll< JN, and (ii)
Ild(m)ll>ANforsomem: n,., C m < n,.CallC,theeventthatthe
networkconvergesfrom@(n),

C,= {ll#(n)ll < Ii@(n- 1)11,n > n,}. (A.36)

Now C, dependsonly on @(n,)and not on ~(n), n < n,. From
Lemma2, Frob{C,}= P, and it followsthat the probabilitythat
the networkdoes not convergeis just

Prob{C}= .l~(l – Prob{C,})”=O. (A.37)

Thusthenetworkconvergesalmostsurely,regardlessofq$(0),and
byLemma2 itmustconvergeto 4(w) = O.❑

Note. The boundson a givenhereshouldbe takenwitha pinch
of salt: in practice, convergenceis consistently observed for
0< a <0.$1 for moderate numbers of points (of the order of
N = 10). For larger N one still observes convergencewithin
reasonabletime even for quite large values of m For example,
forN = 64points,convergencereliablyoccurredwithinonemillion
iterations(andoftenconsiderablyfewer)overallvaluesof a tested
withinthe range0.01 < a < 0.3.


